Robust and Optimal Control, Spring 2015
Instructor: Prof. Masayuki Fujita (S5-303B)

D. Linear Matrix Inequality
D.1 Convex Optimization
D.2 Linear Matrix Inequality(LMI)
D.3 Control Design and LMI Formulation



Convex Optimization Problems

minimize  fo(x)
subjectto  fi(z) <0, i=1,---
Ax =D

( fo : convex)

,m | ( f; :convex)
(affine)

Note: A problem is quasiconvex
If fo IS quasiconvex and fi,

., f,n, are convex.

The feasible set of a convex (or guasiconvex) optimization

problem is convex.
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Semidefinite Programming Problem (SDP)

minimize ¢’z
subjectto  xFy +axfo+ -+ 2, b, +G X0 | (LMI)
Ax =b

where F;,, G e S*
S* : a set of symmetric matrix (size k)

P <0 :asymmetric matrix P ¢ R®*™ IS a negative
semidefinite if the following inequality holds.

' Px >0, Vo € R"
Note: Multiple constraints are trivially combined into a single (larger) constraint,

$1F1+332F2—|—"‘—|—33RF71+G50
r1Hy+20Ho+ -+ 2, H,+ M <0

. F, 0 Fs 0 F, 0 G 0
iff $1[0 H1]—|-$2[0 H2]-|—'-'—|-£Un[0 Hn]-l-[ ]jO



Linear Matrix Inequality (LMI)

Formulation
F(z) =Fy+x1Fh+---+x,F, <0
Fo, F; (1 =1,---,m) € R**" : Constant Symmetric Matrices
z =[x, T, €R™ : Variables

Set of = satisfying F(x) < 0 IS convex, i.e.,
for every x1, z2 satisfying F'(z1) < 0, F(z2) <0, Ya € [0,1]
Flar; 4+ (1 —a)zs) = aF(x1) + (1 — a)F(x2) <0
Convex Optimization Problem

General Formulation
G(Xy, X, ,X,) <0
G(-) : Symmetric Matrix, X; (i = 1,--- ,m) : Affine Functions
Ex. AX +XA' <0 4



LMI Numerical Optimization Problems

Fact Set of x satisfying LMI condition F(xz) > 0 a convex set.

[Suppose any x,y satisfy F'(z) > 0, F(y) > 0. Then ]
Flar+(1—-a)y) <aF(z)+ (1 —a)F(y) <0 Va € [0,1]

[Ex.] Convex Feasibility Problem(CFP)

find z e R™ st. F(z) >0

[EX.] Convex Optimization Problem(COP)

m%lﬂi%% dx st F(x)>0

[EX.] Quasi-convex Optimization Problem(QOP)

sebin X st A(z) > B(x), A(z) >0 and C(z) >0

F(x),A(x), B(x),C(x) : Affine functions
c e R™



LMI Numerical Optimization Problems
[Ex.] Scaled H., Norm Condition

For a internally stable system G(s) = C(sI — A)"'B+ D
|51 < 4
where v > 0 and S € D , which Is a structured sym. matrix set

[CFP] find X such that

 [AX + XA XC B] .[BY .
F(m)—{ ox _’}/QS]—I_[D]S[D] <0 (%)
[COP] min ¢’z =~2 subjectto (*) over X and ~* > 0
| 11 T12 _ 2 /
[EX.] X = ij 3;22] r= |7 i 2171’2 22 |
c=[100 0]

[QOP] min ):=~2 subjectto(*)over X, Se€Dand 4* >0
Standard Solvers: SDP, Projection Algorithm(interior-point method)



Semidefinite Programming Problem (SDP)
[Ex.] Matrix norm minimization (Maximum singular value)

minimize ||A(z)||s = \/p(A(a:)TA(a:))
where A(zx) isan LMI
A(x) = Ao+ 21 A1 + 22A2 + - - - + 2, A

The equivalent SDP

minimize ¢ Decision variables: ¢, x

- tI  A(x) _ - C e
subject to [A(:B)T .7 } >0 P > 0 : apositive semidefinite

Note: The constraint equivalence follows from a Schur complement argument
[A(z)]2 <t & A(x)'A(z) <21, t >0

A [Ag)i” At(f)} =0



LMI Programming: CVX
MATLAB Software for Disciplined Convex Programming

cvx TFOCS Aboutus News CVX Forum 3§

RESEARCH ™™ Download Documentation Examples Support Licensing Citingj

CVX: Matlab Software for Disciplined Convex Programming
Version 2.1, June 2014, Build 1085

New: Professor Stephen Boyd recently recorded a video introduction to CVX for Stanford’s convex optimization

courses. Click here to watch it.

CVX is a Matlab-based modeling system for convex optimization. CVX turns Matlab into a modeling language, allowing constraints

and objectives to be specified using standard Matlab expression syntax. For example, consider the following convex optimization M I C h ae I < G rant

model:
minimize || Az — b,
subjectto Cr=d
2]l <e

The following code segment generates and solves a random instance of this model:

m=208; n=18; p = 4;
A = randn{m,n); b = randn{m,1);
C = randn{p,n); d = randn{p,1); e = rand;
cvx_begin
variable x(n)
minimize( norm{ A * x - b, 2 ) )
subject to
T ==

norm{ x, Inf ) <= e

Stephen P. Boyd
http://cvxr.com/cvx/




LMI Programming: CVX

CVX Command
[EX.] Proving the stability of a system: cvx_begin sdp |
d (t) Xirllaaflg*i(n,f) :;/Er)rzar;etrlc
X <=
= Ax(t) *) P >= eye(n)
dt cvx_end

The following conditions are equivalent:
(1) (*)isstable,i.e., Re[A(A)] <0 VA
(i) 3P=P" = 0st. AP+ PA <0
(i) 3IX = X1 - 0st. XAT + AX <0
(iv) 3P=P' =Tst. AP+ PA<—I
(V) 3X =XT =Tst. XAT + AX < -]

A candidate of Lyapunov function V(z) = z(¢t)T Pz(t), P = PT
Stability Condition: V(z) = 27 (PA + AT P)x < 0 Vx # 0

Note: cvx_status is a string returning the status of the optimization 9



LMI Programming: CVX CVX Command

[EX.] Proving the stability of two systems, cvx_begin sdp

( ) ( ) variable P(n,n) symmetric
dx(t dr(t A1*P + P*Al <= -eye(n)
— A.x(t) and — Aonx(t A2™*P + P*A2 <= -eye(n)
dt 1(?) dt 2(t) |
cvx_end

The following conditions are equivalent:
(1) (*)isstable for A(t) = 0,(t)Ay + 02(t)As, 0;(t) >0
(i) 3IP=rP" =0st. AfP+PA; <0
and A2 P+ PAy <0
(iii) 3P=P' = Ist. AP+ PA, < -1
and A; P+ PAy = —1

The stability can be proven with a single Lyapunov function,
V(z) = z(t)! Px(t)

10



Beyond Riccati-based H ., Control A <1
Riccati-based Solution A o
« Norm Bounded Uncertainty Type Problem “———= =
e H../H> Control Problem (See 5" doc.) u y
Assumptions Full rank on the imaginary axis )
XA+ ATX o + Xoo(v2B1BT — BB X + CTCy =0 »
AV + Voo AT 4 Yoo (72CTCy — CTCy) Yoo + ByBY =0 Equalities
LMI-based Solution A
» Matrix Polytope Type Control Problem L T
e Singular Matrix Type Control Problem w__ = G — 7
 Quadratic Stabilization Problem y ]
 Gain Scheduled Control Problem Y
« Multi-objective Control Problem K

There is NO assumption about general plants

ATX + XA+ BBYT XCT + BDT
CX + DBT DDT — ~2]

] <0 Inequalities
11




Robust Stability Condition

r = Ax + Bu
y = Cx + Du

G(s)=C(sI —A)'B+D
Given v > 0, the following conditions are equivalent.

Stable LTI system {

(i) Stability of H..-norm A isstable and ||G||cc < 7
(i) Algebraic Riccati Equation
X = XT>0, R:=~*T—-DD? >0
AX + XAT +(xc' + BDTYR Y (XCT + BD")' + BBT=0
(iif) Riccati Inequality 3 X = X7>0, R:=~*I — DDT > 0
AX + XA +(xC0* + BDYR Y (xC' + BDY)! + BBT <0

ATX + XA+ BBT XCT + BDT

CX + DBT pp? —~2p | <V

(iv) LMI ?X = XT>0,

12



Robust Stability Condit

lon (Cont’d)

Stable LTI system

r = Ax + Bu
y = Cx + Du

G(s)=C(sI —A)'B+D
Given v > 0, the following conditions are equivalent.

(iv) LMI X = X7T>0,

v) LMI X = XT>0,

(v)) LMI P = PT>0,

& Schur Comp

' ATX + XA+ BBT
CX + DBY

AX + X AT XCOT

CX —~1
BT DT
" ATP+ PA PB
BTP —~T
I C D
lement

XCct + BD?T

ppT —~2p | <V

D | <0

DT | <0

13



LMI formulation: Structured Singular Value [SPO05, p. 478]

|
A | —H D A P
Stability ! !

< > T 1 = |
Lyl H—1 > o D |
M W D M | 2

w Z

Upper Bound  1a (M) < min G(DMD™Y) <~

< I — (DMD Y?(DMD™1) -0
< Y¥I1-D'M"D*MD™" -0
& v2D?* - MUD*M -0 & 42D - MY DM =0

If 7 varies monotomically, the feasible regions of D € D are nested

n,D € D

subjectto nD - MYDM ~ 0

minimize 7
Generalized eigenvalue problem

Quasiconvex optimization problem: ]

Then v = v/7°Pt is an upper bound for pa (M) 14



LMI formulation: via Main Loop Theorem

State-space performance test |
| 171,
~ |C | D| y=Cz+ Du L A1 Bl
- | G=F1
y = F.(G,z"  u fu,_—> 10—,

<1 o (G, 271 is stable
palG |\ (G, z—ll Moo < 1

A = {diag(611ns, A2)|01 € C, Ay € C" 7"}
In this case ua(G) :Bléf c(DGD™)

p—{|P ‘Dl DH »0,dy >0
0 dg

Consider (without loss of generality) finding D such that

(1% 7]le o] % 7)) < :




LMI formulation: Bounded Real Lemma

State-space performance test

CERREE

X=XxX"sw0 (take X = D?)

Bounded Real Lemma

(G, 271 is stable
HF G,z ', <1

—X

&S Jx = XH o st 0

C

0 ATx o7

—-I BTX DT

XA XB —-X 0

D 0 -1

-3 9]) <o

<0

16



LMI formulation: Bounded Real Lemma

Discrete-time

(G, z71I) is stable
HF(leMm<7

= 0

Yy AY
YAT Y

Continuous-time

(G, z71T) is stable
HF(%f”Wm<7

<~

<~

Jy =YH «

| Y AY
VAT v
BT 0
0 CY

AY AT

0 s.t

B 0

0 vct
I DT
D ~?I ]

—-Y <0

>0

Discrete-time Lyapunov condition

Jp = PH v« 0
AT P + PA
BTPp

] C

3Q = P~ 1

QAT + AQ
BT
CQ

rPB Ct ]

—-1 DT
D

B QCt]

~I DT
D

_,},2_7_

_72[_

<0

<0
17



State feedback H, control w P II .

"A| By B 1 G(s) |
G = |C:|D-w Do | (A, By):stabilizable | "
- ! 0 ¥ - E — K(S)<—

[;]:G(s) [ﬂ and u=Kz=Ky

A+ B,K | B,
Cz + DzuK |Dzw

Fi(G,K) = [

Continuous-time F = KQ , n =~

minimize 7
T},_Q,F -
subjectto Q =Q" <0

QAT + FTBT + AQ + B,F B, QCT+FTDT ]
BT ~1 DT, <0
| CzQ + DzuF Dzw _77] |

K = FQ™! gives F;(G, K) stable and || F;(G, K)|loe < /7 "



State feedback H ., control: CVX

n,Q, F

minimize 7
subjectto Q = QT < 0

QAT + FTBT + AQ + B,F B, QCT+ FTDTL]
BI 1 DI, <0
I C,Q+ D, F D, —nl
CVX Command

P =ss(A, [Bw, Bu], [Cz; eye(n,n)], [Dzw, Dzu; zeros(n,nw+nu)]) ;
cvx_begin sdp
variable Q(n,n) symmetric;
variable F(nu,n);
variable eta;
minimize eta ;
subject to:
Q>0;
[ Q*A' + F*Bu’ + A*Q + Bu*F, Bw, Q*Ce’ + F*Dzu’;
Bw’, -eye(nw,nw), Dzw’ ;
Cz*Q + Dzu*F, Dzw, -eta*eye(nz,nz)] <0 ;
cvx_end
K =F*inv(Q) ;
Aclp =A + Bu*K ;
Disp( eig(Aclp) ) ; % always check that it really is a good controller.

19



Output feedback H ., control w P II .

: : e [
Al Bw Bu| (4 B,):stabilizable | [ 2 .
G — | C.|D2w Dy U Y i
Cy| Dy 0 | (Cy, A):detectable | (K (s)—
2| w B | Ax | By
[y] = G(s) [u] and u = K(s)y = [Ck 0 ]
A B, Ch B |
U w Ac Bc
Fi(G,K) = |BiCy Ax |BiDyw | = [cfipﬂ
i Oz Dzuck | Dz'w _ ‘ ‘
Continuous-time 9p — pH «
IS stable TATP 1 PA, | PBy CT
||F GK||OO<7 A BT P -1 DL | <0
| C(:l D(;l _’}/21_

20



Output feedback H, control
Partition P as:

[v N L [ x M
P__INT *] and P _[Aff *]

N B,
C=C,MT

Define an inertia-preserving transform via: 7 = [

(AX + B,C A
TTPA,T = L )
l A YA+ BCJ
T'PB _ | Bu
& 7 |YBy + BDy,
CclT — CZX + Dzué Cz}
- (X T
T'PT =, 5

A=NAM" + NByC,X + YB,CprMT + YV AX
B

X I
MY 0

|

21



Output feedback H, control

minimize 7
n3X7Y7A7BTC -X
subject to d “ 0
1Y
17T 0 0] [ALP+PA, PBy CL 1 [T 0 0]
0 I 0 BLP —I D} 071 0] <0
0 0 1] ] Cel D —721_ |0 0 []
AX +B,C + XAT + CTBT A+ AT By, xXcTl +CTp?,
o AT + A YA+ ATY + BCy + CIBT YB, + BDy, cr ~0
BT BIy + DI BT —1 pT
CZX -+ Dzué Cz Dzm _UI

PP l'=1 = NMT=T7-YX

K(s) = {é’; ‘%‘“] gives F)(G, K) stableand || F1(G, K)|lse < /7

22



Output feedback H, control: CVX

CVX Command
P =ss(A, [Bw, Bu], [Cz; Cy], [Dzw, Dzu; Dyw, zeros(ny,nu)]) ;

cvx_begin sdp
variable X(n,n) symmetric;
variable Y(n,n) symmetric;
variable Ah(n,n);
variable Bh(n,ny);
variable Ch(nu,n);
variable eta;

minimize eta ;

subject to:
[ X, eye(n,n) ;
eye(n,n), Y ]1>0;
[ A*X + Bu*Ch + X*A' + Ch*Bu’, A+Ah’, Bw, X*Ce’ + Ch’*Dzu’ ;
A'+Ah, Y*A + A*Y + Bh*Cy + Cy™*Bh’, Y*Bw + Bh*Dyw, Ce’;
Bw’, Bw'+Y + Dyw*Bh’, -eye(nw,nw), Dzw’ ;
Cz*X + Dzu*Ch, Cz, Dzw, -eta*eye(nz,nz)]<0;
cvx_end
. wl' """ I_'_'_'_'_'_'_'_'_'_'_'I """ : Z
Same as [ #\ hinfsyn ] ——! —
Efu, ____________ ZU
MATLAB Command ; K
[Khi,CLhi,ghi,hiinfo] = hinfsyn(P,ny,nu,’Method’,’ Imi’);

23



H> control

A| B 00
G = [C % O] 1G(s)llz, = \/% /_OO Tr(G(jw)G*(jw))dw

Theorem JX = X1 « 0 sit.
G(s) is stable Tr(CXCT) < v
2 <~ T T
1G(s)]l3, <~ AX + XA" +BB" <0
Continuous-time Discrete-time
X = X7 « 0 st 31X = X1 -0 st
( AX + X AT + BBT <0 r'XT AX B
W OX XAT x 0/l =0
<[XC’TX]>O <:BT 21'
1% X
4 TI'(W) <7y xcl x > 0

\ TT(W) <7

24



State feedback H» control o R — .
" A| B, B, ] ] G6)
G=|C]0 Dqu (A, B,) : stabilizable |, y
I 0O 0 | % :
' — | K(s)|—

[z]:G(s) [Z] and u= Kz =Ky

| A+ B,K | By |

Fi(G,K) =

Continuous-time G(s) isstable and ||G(s)||z, < v iff
IX =XT+~0and F= KX s.t.
( AX + B, F+XA" + F'Bl + B,B,. <0
%% C.X + D, F
xclt+ FtDi, X
L Tr(W) < v

~ 0

25



Hy control: LQG Problem w T .
Al By Bu] N NElC) -
G = |C] 0 D..| (A B,):stabilizable |, y
e [k ]

[;]:G(s) [Z] and u= Kz =Ky

LQG Objective: J = i (k) Qx(k) + u(k)! Ru(k)
k=0

Oz:[Q;/QI and D, = R?/Zl
R

26



Output feedback H> control w P II 5

— _ ; G
G = éll ‘%‘“ gu (A, B,) : stabilizable | (5) :
e, ) C,,A) : detectable U Y
_Cy Dyw O i ( Y ) i . K(S)h E
[y] = G(s) [u] and u= K(s)y= |:Ck - ] y
A B,Cy B, |
F(G,K)=|BiC, A, |BuDyw| = [éii Bocz]
| CZ Dzuok | 0 i ¢

Continuous-time G(s) isstableand ||G(s)|z, < iff

Jp = PH « 0 st

ALP+ PA, PBcl] 20 {W Cu



Output feedback Hy control

minimize v
7?W7X7YJAJBTC

subjectto Tr(W) < ~

T 0] [ALP+PAy PBy | [T 0 <0
0 I BLP —T 0 1

I 0 %% Ccl][I O}»o

oTT||Cch P lloT
AX + B,C + XAT + CTBT A+ AT By,
& AT + A YA+ A"Y + BCy + CI'B" Y By, + BDy, | <0
BY BLY + D}, BT —I
WA C.X+D,,C 0
Xct + c*tDi, X

PP '=1 = NMT=T-YX

K(s) = {‘é: BO’“] gives Fi(G, K) stable and || (G, K)||w, < /7

28



H> control: CVX
CVX Command

cvx_begin sdp
variable X(n,n) symmetric;
variable Y(n,n) symmetric;
variable W(nz,nz) symmetric;
variable Ah(n,n);
variable Bh(n,ny);
variable Ch(nu,n);
variable gamma,;

minimize gamma ;

subject to:
trace(W) < gamma ;
[W, Cz*X+Dzu*Ch, Cz;
X*Cz'+Ch™*Dzu’, X, eye(n,n) ;
Cz, eye(n,n), Y ]>0;
[A*X + Bu*Ch + X*A' + Ch'*Bu’, A+Ah’, Bw ;
A'+Ah, Y*A + A*Y + Bh*Cy + Cy”*Bh’, Y*Bw + Bh*Dyw ;
Bw’, Bw'+Y + Dyw*Bh’, -eye(nw,nw) ] <0 ;
cvx_end
w:‘ """ I_'_'_'_'_'_'_'_'_'_'_'I """ : Z
Same as |4\ h2syn | USSESeS .
Efu, ____________ ZU
MATLAB Command ; K
[K2,CL2,g2,hiinfo] = hinfsyn(P,ny,nu);

29



[1 Design Problem

Bounding error amplitudes for bounded amplitude inputs

q
Moo = sup [[Mz]oc = max > |ai]
71=1

|2||0e <1 l<isp
[ o | ‘my 0 0 -] [ug]
y= V| =Muy= |m2 m1 O -- Uy

Use impulse response matrices and a Youla parametrization to
set up the design problem:

Hgn | P+ UQV ||

Robust problems can also be set up and solved as (large)
optimization problems



Pole Region Constraints( D -Stability)
Definitions fo(z):C — SP*P  fp(2) = L4 2M + z*M7*
D ={z€eC|fp(z) <0} :aregion of the complex plane

L=L" eRP*? M € RP*?
[EX.] Re(2) < —a [Ex] |z+4q| <r [EX.] Conic sector
el Alm Alm
::.....“ , ".,““‘ .............
> - g |y >
—a Re v 4 i|Re T O Re
fp(z) =
. * B  —r g+ =z —(z+ 2")sinf (z — 2*)cosb
fp(2) =20+ 242" fp(z) = g+ 25 —r ] { (2* — z)cosf (z+ z*)sinf
L =2« | T a } T 0 0}
M =1 q - 100
M= 01 AV — —sin 6 6986'
00 | —cosf sinf 31



Pole Region Constraints: LMI conditions

Definitions Mp(A,P)=L® P+ M ® (AP) + M' ® (PA™)
AERan P:PT ERan

Theorem  eig(4) € D
& Jp=pPH w0 st. Mp(A,P)<0

[Ex.] All closed loop poles have real part less than —«

fp(z) =2a+ 2+ 2" g Im
L=2a M=1 X
eig(Ay) € D E—a >
7 Re
<~ dP =P" =0 S.L

Mp(Ag, P) =2aP + AyP + PAL <0

32



Multi-objective Analysis e

- - 'w_'—’ — Z

A| By B, v +——| G(s) adlc
F[(G, K) — Cz Dzw Dz'v >
Cel Doy 0 U y
' ' R

H . Control Problem w — z 3p, = P, T« 0 st.

(ATP + P A PB, CT ]
ST = BT P, -1 DT | <0
i Cz Dzw _721_
Hs Control Problem v — ¢ 1P, = T » 0 sit.

AP, + P,AT + B,BT <0
<f <=
Lo

H[ I 0 ]FZ(G,K)[H

Lo

H[ 0 I]F(GK) [ ?]

W C.P
[Png P22]>-0 Tr(W) <

Pole Region Constraints

P = P -0 st
Re(eig(A)) < —a ’ e

20P; + APs + P; AT < 0 -



Multi-objective Design B — ;

- - w —'—’ — 2

A| By B, v +——| G(s) adlc
F(G,K)= |C.|Dsw D,y g
C.|D,, 0 U Y
- - - L K(s)|«—

For Synthesis P =P, = P, = P;

H. Control Problem w — 2z gp _ pT « o st

7 "ATP+ PA PB, CT -
H[I UJFz(GaK)[()} R B’p -1 DI | <0
- Oz Dzw _72I_

Ho Control Problem v — e 9p = PT « 0 st

SN AP+ PAT + B,BT <0
2 [W Cﬂ»o Te(W) < 8

H[ 0 I]F(GK) [ ?]

pcT p
Pole Region Constraints
P =P =0 st

Re(eig(A)) < —a <~
_ _ 20 + AP+ PA" <0 2
Conservative Design



Schur Complement
The following conditions are equivalent:
- P S
O | g o] <0
(i) P<0, Q—-STP1s<0
(i) Q <0, P—SQ'ST <0

0@ | _spa 7|5 a0 7
_[r 0 ]
0 Q-STP'S

(i) © (iii) é ‘S?_IHS% g]!_QLST ?]

[ P-SQST o
=| : 0

35



LMI Formulation: Root mean square(RMS) Gain

RMS gain of the stable LTI system (A, B, C, D)is the minimum value
of the solution 7 satisfying the following statement.

"ATP+PA PB CT
9P = PT > g and 7 sit. BTP —~I DT | <0
I C D —~I ]

RMS gain is the value that the average size for the sustainable signal

T 1/2
|w||rMs = (Th—?;of/o ||’w(t)||2dt)

= Tr[Ryy(0)] = — / T[S, (ju)]duw

:% .

1

T
Covariance matrix Ry(7) := lim — / w(t)w(t +7)7dt
T—oo T 0

Power spectrum density S, (jw) := / Ry, (T)e™7¥Tdr

If w(t) satisfies ergodicity, i.e., a stationary stochastic signal,
lw|lrums = Ef||lw(t)]?] %



Relaxations for Structured Uncertainty

- A|B| xz(k+1)=Ax(k)+ Bu(k)
—|C|D y(k) = Cx(k) + Du(k)
Fundamental Stability (NS)
3P = Pt~ 0 st - 3p =PT s« 0 and G s.t.
P AP] P AG .
PAT P |7 GAT G+GT - P
H . Stability H5 (Quadratic) Stability
3P = P! =0 and @ s.t. 3P =Pl - 0 and @& st
[ P AdG B 0 ] T p AG B
GTAT G+GT-P 0 GTCT GTAT GT4+G-P 0| =0
BT 0 I DT |7 BT 0 I
0 CG D ’721 < - .
i W CG 0
Gtet GYr+G-P



Strictly Bounded Real Lemma
Suppose G(s) = C(sI —A)"'B+ D .
Then the following are equivalent conditions.

(1) Stability of H.,-norm
The matrix A is Hurwitz (stable) and ||G(s)||co < 1
(i) LMI
There exists a symmetric matrix X = X' > 0 such that
T T
[C ][C D]+[A X+XA XB

A. Hurwitz

DT BT X 7| <0

(i) KYP Lemma

I — D" D > 0 and there exist symmetric R g Kalman L. Yakubovich
matrices P, () and matrices L, VW such that

PA+A'P=-ClC-Q-L'L
PB=-C'D-L'W
1 — DTD — WTW V.M. Popov 38



Single Constraint Quadratic Optimization

Original SDP Problem

minimize
subject to

zl Agx + ngaz + ¢
el Az + Qbr'lra’: +c1 <0

Not a convex optimization problem

minimize
< | subject to

tr(AgX) + 2b) = + ¢
tr(A; X) +2bi x4+ ¢ <0

X =gzt

A linear objective function,
A linear inequality constraint and a nonlinear equality constraint

Relaxation/ Dual problem of the SDP

reR" A, eS"
b, c R" ¢, €R

r e R"
X e

minimize
subject to

tr(AgX) + 2b) = + ¢
tr(A, X) +2bj x4+ ¢ <0

A """}»0

|

Xta:‘a:T = [
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S-procedure (Yakubovich’s S-lemma)
Definitions & = {z|z” Flz + 297z + hy <0}

F
where F; €S", g1 € R", hy € R and [g% zﬂ = 0
1

Ey = {z|z! Fox + 2g3 = + hy < 0}

F:
where F, € S"*, go € R", hoy € R and [g% zﬂ =0
2

& C & ifand only if

IA>0 st [F% 92] %A[Ff} 91] (S)
gz he

Note: Sufficient Condition is clear.
If there exists A > 0 satisfying (S), then given = £ 0,

el ][ =o = g 2]
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Generalized S-Procedure
We often encounter problems with constraints of the form
go(x) >0 forall z € R" (S1)
satisfying g1(x) >0, -+, gm(x) >0 (S2)
where 9o, g1, ,gm : R" =5 R,

< The set-containment constraint
{r e R"|g1(x) >0, -+, gm(z) >0} C{z € R"|go(x) > 0}

A potentially conservative but useful algebraic sufficient condition
for (S1) and (82) IS the existence of positive-semidefinite functions

S1,° R’” — R such that
Z ) >0 forall z € R" (S3)
For the case in which go, 91, - - - , gm are quadratic functions, the sufficient

condition in (S3) is known as the S-procedure relaxation for (S1) and (S2).
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LMI Programming: YALMIP

YALMIP: Yet Another LMI Parser

YALMIP Wiki

What Is YALMIP

YALMIP is a modelling language for advanced modeling and solution of convex and nonconvex
optimization problems. It is implemented as a free (as in no charge) toolbox for MATLAB.

The main motivation for using YALMIP is rapid algorithm development. The language is consistent with
standard MATLAB syntax, thus making it extremely simple to use for anyone familiar with MATLAB.

Another benefit of YALMIP is that it implements a large amount of modeling tricks, allowing the user to
concentrate on the high-level model, while YALMIP takes care of the low-level modeling to obtain as
efficient and numerically sound models as possible.

Problem classes

The modelling language supports a large number of optimization classes, such as linear, quadratic,
second order cone, semidefinite, mixed integer conic, geometric, local and global polynomial,
multiparametric, bilevel and robust programming.

Solvers

One of the central ideas in YALMIP is to concentrate on the language and the higher level algorithms,
while relying on external solvers for the actual computations. However, YALMIP also implements internal
algorithms for global optimization, mixed integer programming, multiparametric programming,
sum-of-squares programming and robust optimization. These algorithms are typically based on the
low-level scripting language available in YALMIP, and solve sub-problems using the external solvers.

Enjoy!

Johan Lofberg

Home

What is YALMIF?
Tutorials & intro
Applied examples
Commands
solvers

Common questions
Acknowledgement
Read more
Download

License

Related tools

:O'._- --[-

Forum (old)

Recent posts
Release 20140619

Octave support

http://users.isy.liu.se/johanl/yalmip/

Johan Lofberg
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SDP Solvers in YALMIP

Linear Programming
(free) CDD, CLP, GLPK, LPSOLVE, QSOPT, SCIP,
(commercial) CPLEX, GUROBI, LINPROG, MOSEK, XPRESS
Mixed Integer Linear Programming
(free) CBC, GLPK, LPSOLVE, SCIP,
(commercial) CPLEX, GUROBI, MOSEK, XPRESS
Quadratic Programming
(free) BPMPD, CLP, OOQP, QPC, gpOASES, quadprogBB,
(commercial) CPLEX, GUROBI, MOSEK, NAG, QUADPROG, XPRESS

Mixed Integer Quadratic Programming
(commercial) CPLEX, GUROBI, MOSEK, XPRESS

Second-order Cone Programming
(free) ECOS, SDPT3, SeDuMi (commercial) CPLEX, GUROBI, MOSEK

Mixed Integer Second-order Cone Programming
(commercial) CPLEX, GUROBI, MOSEK
Semidefinite Programming

(free) CSDP, DSDP, LOGDETPPA, PENLAB, SDPA, SDPLR, SDPTS3,
SDPNAL, SeDuMi (commercial) LMILAB, MOSEK, PENBMI, PENSDP

General Nonlinear Programming and other solvers
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